We model a disordered planar monolayer of paramagnetic spherical particles, or ferrofluid, as a twodimensional fluid of hard spheres with embedded three-dimensional magnetic point dipoles. This model, in which the orientational degrees of freedom are three dimensional while particle positions are confined to a plane, can be taken as a crude representation of a colloidal suspension of superparamagnetic particles confined in a water/air interface, a system that has recently been studied experimentally. In this paper, we propose an Ornstein-Zernike integral equation approach capable of describing the structure of this highly inhomogeneous fluid, including the effects of an external magnetic field. The method hinges on the use of specially tailored orthogonal polynomials whose weight function is precisely the one-particle distribution function that describes the surface-and field-induced anisotropy. The results obtained for various particle densities and external fields are compared with Monte Carlo simulations, illustrating the capability of the inhomogeneous Ornstein-Zernike equation and the proposed solution scheme to yield a detailed and accurate description of the spatial and orientational structure for this class of systems. For comparison, results from density-functional theory in the modified mean-field approximation are also presented; this latter approach turns out to yield at least qualitatively correct results.
I. INTRODUCTION
Magnetic films currently attract a great deal of interest because of their obvious potential for technological applications, especially given the progress in epitaxial growth techniques that has facilitated their manufacture. These systems consist of thin films ͑a few atomic layers͒ of paramagnetic particles ͑metal oxides in most cases͒ deposited on a solid surface ͑usually metallic͒. The competition between the different magnetic interactions and the constraint imposed on the particles to lie on a plane gives rise to a rich variety of phase transitions, from paramagnetic phases to in-plane or out-of-plane ferromagnetic and even antiferromagnetic phases ͓1͔. The terms included in the Hamiltonian describing these systems stem from the magnetic dipole-dipole interaction, the exchange coupling, and the spin-orbit coupling that gives rise to a magnetic surface anisotropy ͓2͔. In addition to this type of material, quasi-bidimensional systems can also be produced using confined colloids, with the added interest that both fluid and crystalline structures can be generated in such systems. In particular, Zahn, Méndez-Alcaraz, and Maret ͓3͔ have studied self-diffusion in two-dimensional colloids by means of an arrangement of superparamagnetic colloidal particles ͑doped with Fe 2 O 3 ) confined to a water/air interface. An external magnetic field perpendicular to the surface can then be used to induce tunable repulsive interactions between the particles and thus separate out the effects of direct and hydrodynamic interactions on the diffusion process. Zahn, Lenke, and Maret ͓4͔ have further exploited this system to investigate the crystallization dynamics of twodimensional colloids, an extremely active area of research dominated by the search for the Kosterlitz-Thoules-HalperinNelson-Young two-stage melting transition ͓5͔. In these colloidal systems the leading interaction is the dipole-dipole potential, aside from the obvious excluded volume effects due to the particle cores. If the external field is sufficiently strong in relation to the interparticle interaction, the induced parallel alignment of the dipoles reduces the dipolar interaction to a simple, tunable radial repulsive interaction suited for the crystallization and diffusion studies presented in Refs. ͓3͔ and ͓4͔. More generally, however, one must explicitly consider the full orientational nature of the dipole-dipole interaction.
We are not aware of any theoretical investigation of this type of disordered systems in which the particles carrying three-dimensional magnetic dipoles are constrained to a planar surface and interact with an external field. But in fact, besides simulation calculations-the preferred tool in the modeling of ordered phases like those described in Ref. ͓1͔ -and direct measurements via digital videomicroscopy ͓3,4͔, these disordered systems are also tractable within the framework of the inhomogeneous Ornstein-Zernike ͑OZ͒ equation ͓6͔, an approach that has recently been successfully applied by the authors to describe order-disorder and gasliquid phase transitions in three-dimensional Heisenberg spin fluids ͓7,8͔. In the present paper, we further pursue this approach and, as in Refs. ͓7͔ and ͓8͔, exploit the properties of specially constructed orthogonal polynomials whose weight function is precisely the one-particle distribution function of the anisotropic system. This general procedure has already been successfully applied to a variety of systems with internal degrees of freedom, such as polarizable particles ͓9,10͔, polydisperse systems in three ͓11͔ and two ͓12͔ dimensions, and the Heisenberg spin systems mentioned above. In the present case, anisotropy could also be thought of as an internal degree of freedom, described by the polar angle of the dipoles with respect to the normal to the plane, and the system could then be viewed as a purely two-dimensional model with a fluctuating in-plane particle magnetic moment.
The ferrofluid monolayer will be modeled as a fluid of hard spheres in a plane with embedded three-dimensional point dipoles; additionally, an external field may be applied perpendicular to the plane. Obviously, this model is too simplistic to allow a direct comparison with the experiments, in particular since in the setup of Zahn et al. ͓3͔ the dipole moment is induced by the external field. This could be modeled by including polarizability ͓9,10͔; although feasible, such an extension would considerably increase the computational burden and therefore at this stage is beyond the scope of our work. In our treatment, the single-particle angular distribution function, f (cos ), which describes the probability of finding a dipole at angle with the normal to the plane, will be the weight function of the special orthogonal polynomials used to expand the one-particle and two-particle correlation functions. This angular distribution function is connected to the intermolecular potentials and the pair distribution function g(12) through a Born-Green ͑BG͒ equation ͓6͔. The two-body function g(12) in turn is studied in terms of an inhomogeneous OZ equation, to which we couple the optimized reference hypernetted-chain closure. The results obtained from this theoretical approach are compared with extensive data from Monte Carlo simulations. We find that the linked set of integral equations can furnish a remarkably accurate description of both the one-body and two-body structure of the two-dimensional fluid, as well as of its thermodynamics. On the other hand, density-functional theories ͑DFT͒ have been extensively applied to the study of first-and second-order transitions in three-dimensional dipolar fluids, particularly providing qualitative insight into the order-disorder ͑ferroelectric͒ transition in Stockmayer fluids ͓13͔. Therefore, as an alternative, we also explore here the density-functional theory with a modified mean field ͑MMF͒ approximation for the free-energy functional ͓14͔. This approximation, which is considerably less involved than the inhomogeneous OZ equation, provides only semiquantitative information on the thermodynamics and the single-particle structure. This stands in contrast to the relatively accurate results provided by the same method in the case of the ferromagnetic Heisenberg spin fluids ͓15͔.
The rest of the paper can be sketched as follows. In the next section, we describe in detail the solution algorithm, based on specially tailored orthogonal polynomials, for the coupled system formed by the inhomogeneous OZ equation for g (12) and the BG equation for f (cos ). The essentials of the MMF approach applied to the dipolar monolayer problem are summarized in Sec. III, while details of the simulation procedure used to generate our standard ͑reference͒ data can be found in Sec. IV. Finally, Sec. V describes our most significant results and conclusions.
II. INTEGRAL EQUATION FORMULATION
The interaction energy for a configuration of N sphere centers r j with embedded three-dimensional magnetic moments j in the plane area A is
where u 0 (r) is the hard sphere interaction for spheres of diameter ,
the dipole-dipole potential, and B 0 a uniform magnetic field perpendicular to the plane. Even in the absence of the magnetic field, the planar arrangement of the point dipoles produces anisotropy, so that the one-body density
is not a constant. Here, ϭN/A is the number density and f () the orientational distribution function of the interacting dipoles, which is to be found. Letting the magnetic field define the z axis perpendicular to the plane, the one-body distribution for ϭ(,) depends only on the polar angle , f ()ϭ f (x), where xϭcos ϭ •ẑ. ͓The distribution function in the noninteracting limit is f 0 (x)ϭexp(␤B 0 x)/C, where Cϭsinh(␤B 0 )/␤B 0 is the normalization constant.͔ The two-body density (2) ͑ r,,rЈ,Ј͒ϭ ͳ͚ i j
then defines the generalized pair distribution function g(12)ϭg(r 12 , 1 , 2 ). In the expressions above, a caret denotes unit vector while the angular brackets indicate a canonical ensemble average. To determine f (x) and g(12) we proceed as in the earlier works ͓7-10͔. The first BG equation,
couples the one-body to the two-body distribution; here ␤ ϭ1/k B T is the inverse temperature. The pair function in turn is obtained from the inhomogeneous OZ equation where ␥ϭhϪc. ͓The indirect correlation function ␥ will be used below to replace h in Eq. ͑6͒ as the principal unknown.͔ It is here that the only approximation of the calculation must be introduced, for the so-called ''bridge'' function b(r, 1 , 2 ) is not known in any usable form ͓16͔. In this paper, we will use the reference hypernetted-chain ͑RHNC͒ closure ͓17,18͔, optimized to achieve minimization of the free energy ͓19͔. This choice consists in replacing the unknown function b with the bridge function obtained from some calculable reference model, here taken to be the pure hard disk fluid at the same density,
where 0 is the reference fluid disk diameter that is varied to attain a minimum in the free energy ͓19͔. Equations ͑5͒-͑8͒ form a closed set; the problem now is to cast them into a computable form. This is achieved by expanding all angle-dependent functions in generalized spherical harmonics ͓7,8͔
that are orthogonal with weight function f (),
͑10͒
Since f () here depends only on , it is just the generalized Legendre functions P lm (cos ) that must be specially constructed. We refer to Ref. 
where r is the azimuthal angle of the planar vector r with the x axis in the plane and m ϭϪm. In practice, it is convenient to align the x axis along r, so r ϭ0 and the expansion simplifies to
͑12͒
Similarly, Fourier transforms, which will be used to deconvolute the OZ Eq. ͑6͒, are also conveniently expanded with the x axis along the planar vector k. A two-dimensional Fourier transform
is then evaluated as follows. Choose the x axis along k. Then using Eq. ͑11͒ we have
where
͑15͒
Here, J m (x) is the Bessel function of order m generated by the integral over r . Similarly, an inverse transform is
͑16͒
It follows from the circular symmetry of the system that ͉m 1 Ϫm 2 ͉ must be an even integer. With these operations of Fourier transformation and expansion in generalized spherical harmonics, the OZ Eq. ͑6͒ is converted into a set of algebraic equations for the expansion coefficients,
͑17͒
Coefficients with even or odd index pairs (m 1 ,m 2 ) form disjoint sets, so Eq. ͑17͒ can be solved for the ␥ l 1 l 2 m 1 m 2 (k) coefficients in the matrix forms
for m 1 ,m 2 even, and
for m 1 ,m 2 odd. Here, I is the unit matrix. The iteration scheme that is now used to solve for f (x) and g (12) follows that of earlier works ͓7-10͔, with the differences that arise from the reduced dimensionality having been spelled out above. The thermodynamics of the system is then immediately obtainable by quadratures. For the internal energy U dd , pressure p, and isothermal compressibility K T , we get
The coefficients of the dipole-dipole potential ͑2͒ that appear in the energy calculation, Eq. ͑20͒, can be readily obtained. 
where x 2 ϭ͗x 2 ͘Ϫ͗x͘ 2 is the variance of f (x). The virial pressure from these coefficients then obviously reduces to the dipole-dipole energy term seen in Eq. ͑21͒.
The potential coefficients are used in evaluating Eq. ͑5͒ expanded in the new orthogonal polynomials to yield ͓8͔
This expression can be recast in the form
where the a l for lϾ0 are determined by numerical ͑Gauss-ian͒ integration of Eq. ͑28͒ and a 0 by normalization. Finally, with the magnetic field normal to the plane, the longitudinal ͑out-of-plane͒ and transverse ͑in-plane͒ magnetic susceptibilities are obtained, respectively, as ͓8͔
It was noted above that a hard disk fluid is used as the reference model for the optimized RHNC closure. Since the free energy minimization of the optimization procedure implicitly assumes thermodynamic consistency of the reference system, and no such solution is known for hard disks, we have sought at least to approximate that condition by using a pressure-consistent closure for the hard disk fluid ͓21͔,
This is a blend of the familiar Percus-Yevick (ϭ0) and hypernetted-chain (ϭ1) closures controlled by the parameter to achieve consistency of the virial and compressibility pressures. The density dependence of constrained in this way is found by calculation to be fitted by 
and its inverse. ͓The algorithm is based on the zeros of J 0 (x), an almost-periodic function, and so leads to unequal intervals in the numerical grids for r and k.͔ Here, we need not only this transform but also those for J m (kr), with m Ͼ0 an even integer. This has been handled in our calculation by a two-dimensional version of the ''raising'' and ''lowering'' operations previously used for spherical Bessel function transforms ͓23͔ that reduce all transforms to the J 0 (kr) variety. Specifically, to transform a coefficient ␥ (m) (r) ϵ␥ l 1 l 2 m 1 m 2 (r) for which mϵ͉m 1 Ϫm 2 ͉ϭ2,4,6, . . . , we apply the lowering operation
recursively until reaching ␥ (0) (r) and then transform this last function with the algorithm of Eq. ͑35͒. For an inverse trans-form, the function ␥ (0) (r) obtained from a J 0 (kr) inversion is subsequently raised to the final ␥ l 1 l 2 m 1 m 2 (r) by recursive application of
until reaching mϭ͉m 1 Ϫm 2 ͉. The integrals in Eqs. ͑36͒ and ͑37͒ are evaluated using a trapezoidal rule with unequal intervals. All calculations are carried out with 1000 points in the r and k grids.
Because the direct correlation function goes asymptotically as the potential,
for r large, the calculation of the transforms of c needed in Eq. ͑17͒ can be adversely affected by the long-range nature of the dipole potential, Eqs. ͑23͒-͑27͒, since the numerical versions of the transforms are necessarily truncated at a finite range. To avoid this problem, we subtract from the coefficients of c a long-range function, appropriately weighted, that can be analytically transformed, namely,
for those coefficients that transform with a J 0 (kr) kernel, Eqs. ͑23͒-͑26͒, and
for those that transform with a J 2 (kr) kernel, Eq. ͑27͒. Here, ␣ is a numerical parameter that we set at ␣ϭ25/R, where Rϭ20 is the maximum range of r in the calculation. The numerical transformation of the resulting short-range functions then presents no problems and the analytical transforms of ␤u LR (0) (r) and ␤u LR (2) (r) are added back in with the appropriate weights to complete the transformations.
III. DENSITY-FUNCTIONAL THEORY IN MODIFIED MEAN FIELD APPROXIMATION
As usual in DFT treatments, the free energy functional F͓͔ is split into a reference part F 0 ͓͔ corresponding to pure hard disks and a second contribution F dd ͓͔ arising from the magnetic dipoles,
The dipolar contribution in turn can be split into ideal and excess components,
where the ideal part is simply
As is found in Sec. V, we model the one-body function as
with the normalization constant
Here erf(x) is the standard error function and we have put aϵϪ␤ 2 K, bϵ␤B, where K and B are effective values of the magnetic surface anisotropy and external magnetic field, respectively. Now, from Eq. ͑43͒, it is straightforward to show that ␤F dd id /NϭϪa͗x 2 ͘ϩ͑bϪb 0 ͒͗x͘Ϫln C.
͑46͒
Analytic expressions for the moments ͗x n ͘ can be readily derived. Equation ͑46͒ is somewhat ill conditioned for calculations at small values of a, since the expression for C contains both vanishing and diverging terms that have to be handled analytically. It is then advisable to perform a series expansion around aϭ0, which is rapidly convergent. The excess term has now to be approximated. We follow Teixeira and Telo da Gama ͓14͔ in applying the modified mean field approximation, which leads to the excess free energy expression
This integral is evaluated numerically employing Gaussian quadrature on the angular variables and a simple trapezoidal rule on r ͓8͔, just as in the numerical algorithm for solving the integral equation in Sec. II. For given , , and B 0 , one has now to minimize the free energy defined by Eqs. ͑41͒-͑47͒ with respect to the parameters a and b. The search for the minimum of a function defined in terms of a numerical multidimensional quadrature is an ill-conditioned problem and so Newton-Raphson or conjugate gradient algorithms are not well suited. We have found that a direct search Complex algorithm ͓24͔ provides a sufficiently robust method.
Finally, the excess internal energy in the MMF approximation must be evaluated by numerical integration of
͑48͒

IV. MONTE CARLO "MC… SIMULATION
The MC simulations were performed in the canonical (NVT) ensemble using 576 particles in a square box with periodic boundary conditions. The long range of the dipole interaction was accounted for by an Ewald sum, which for a three-dimensional dipole interaction with particle centers restricted to a two-dimensional periodic lattice is absolutely convergent. We have found that the results exhibit no dependence on the boundary conditions, since for threedimensional dipoles the potential decays as 1/r 3 , in contrast with the pure two-dimensional system with two-dimensional electrostatics in which the interactions decay as 1/r 2 . In deriving the expression for the Ewald sum, it is convenient to divide the dipole moment into an in-plane component i ʈ and an out-of-plane component i Ќ . The total energy can then be written as the sum of two contributions ͓25͔,
Here, the functions B(r) and C(r) are given by 
B͑r ͒ϭϪ
while
In Eqs. ͑50͒ and ͑51͒, AϭL 2 is the area of the system and L the box edge length. The prime in the sum over n ϭ(n x ,n y ), with n x ,n y integers, means that i j for nϭ0. With the value ␣ϭ5.7/L that was adopted in our calculations, only the terms with nϭ0 need be retained in Eqs. ͑50͒ and ͑51͒. The sum in reciprocal space extends over all lattice vectors Gϭ2n/L such that ͉n͉ 2 рn max 2 ϭ64. Because of the rather large system size the reciprocal space contribution to the energy is generally quite small. In the calculations presented in this work, simulation runs consisted of 50 000 to 100 000 cycles, each cycle implying a translation, rotation, and occasional inversion of the dipoles moment, carried out on every particle in the sample. The real space contribution in Eqs. ͑47͒ and ͑48͒ was truncated at half the box length. In order to assess the system size dependence of the results, some calculations were performed with 1600-particle samples; they showed no significant deviations from the smaller sample results. Fig. 3 for 2 ϭ0.7 and ␤B 0 ϭ4. Fig. 3 for 2 ϭ0.8 and ␤B 0 ϭ0. Fig. 3 for 2 ϭ0.8 and ␤B 0 ϭ4.
FIG. 6. Same as
FIG. 7. Same as
FIG. 8. Same as
FIG. 9.
Compressibility factor ␤p/ and excess internal energy ␤U dd /N for a ferrofluid monolayer of dipolar hard spheres. Open circles denote MC data, solid line RHNC results, and dash-dotted line results from DFT-MMF. The curves, from bottom to top, correspond to ␤B 0 ϭ0,1, and 4.
V. RESULTS AND CONCLUSIONS
One of the most significant structural quantities in an inhomogeneous system is obviously the one-particle distribution function, in this case the angular distribution function f (x). Using Eqs. ͑28͒-͑30͒ we find by calculation that
captures the orientational order of the system. In Eq. ͑56͒, K and B are effective values of the magnetic surface anisotropy and external magnetic field, respectively, while the normalization constant C is given in Eq. ͑45͒. A comparison between our Monte Carlo data for f (x) and results from the RHNC integral equation and the MMF approximation is displayed in Figs. 1 and 2 for various densities and external fields. Given that the magnitude of common magnetic dipoles is appreciably smaller than that of their electric coun- ϭ1. In all cases, the agreement seen in the figures between the integral equation and the simulation results is excellent. The MMF approach, despite its crude assumptions, can be considered semiquantitative. The most noticeable feature observed in these figures is the breaking of the symmetry of the distribution with respect to the plane (xϭcos ϭ0) due to the external field, with the response of the dipoles to the field being weaker at higher densities. This effect of density is readily understandable, since the dipole-dipole interaction favoring head-to-tail alignments increases the tendency of the dipoles to remain in-plane. The same effect can also be seen in the zero-field truncated Gaussian distributions of Figs. 1 and 2, which become progressively more sharply peaked about x ϭ0 as the density increases, approaching a fully coplanar distribution. A similar effect can be induced by an increase of the dipole moment.
We now focus on the pair structure of the system. In dipolar fluids, in addition to the center-to-center pair distribution function g 000 (r)ϵg 00 00 (r), the most significant projections of g (12) The correlation functions obtained from the RHNC integral equation are compared with MC simulation data in Figs. 3-8 for various densities and external fields. These states correspond to the paramagnetic fluid regime. This system is known to exhibit a strong tendency to polymerize at low densities and temperatures ͓26,27͔, by which in principle one would not expect a gas-liquid transition to occur in the absence of dispersive forces, and hence one cannot properly ascribe these states to a gas or a liquid phase.
It can be appreciated that the optimized RHNC integral equation provides an excellent description of the microscopic structure of the dipolar fluid, with and without external field, except in the case of 2 ϭ0.8. Here, the integral equation renders a much more pronounced orientational structure while the spatial ordering is exactly reproduced. This discrepancy will be further discussed below when analyzing the thermodynamic properties. The behavior at large separations is well reproduced, including the crossover of h 110 (r) and h 112 (r), which is driven by the limiting behavior defined in Eqs. ͑59͒ and ͑60͒ when the symmetry with respect to the plane is broken by the external field. It can also be seen that the contact values of the correlation functions decrease slightly as the field is augmented; this is due to the fact that the out-of-plane alignment induced by the field introduces repulsive dipole-dipole interactions. This effect is obviously less significant at low densities.
Finally, we collect in Table I all the thermodynamic and magnetic properties calculated in RHNC approximation. Those properties for which MC and DFT data are also available are compared with the RHNC values in Table II and are plotted in Fig. 9 . In accord with the results for the structure, the thermodynamic description provided by the RHNC equation is also found to be in good agreement with simulation. Once again, the DFT results are semiquantitative and their quality worsens considerably as the density increases.
It is worth noting that we have encountered convergence problems in the RHNC solutions for reduced densities above 0.8. As can be seen in Table I and Fig. 10 , this corresponds to a region where the transverse ͑i.e., in-plane͒ susceptibility starts to rise appreciably and is where the orientational order ͑see Figs. 7 and 8͒ predicted by the integral equation is more pronounced than what is actually found in the simulation. This orientational structure disagreement is in consonance with the discrepancies in the behavior of the transverse susceptibility depicted in Fig. 10 . Thus, whereas the increase in the theoretical susceptibility and the difficulties in convergence seem to indicate that the system might be close to some sort of in-plane order-disorder transition, the simulation predicts no anomalous behavior for these high-density states. Nonetheless, at somewhat higher dipole moment the simulation results start to show a clear head-to-tail in-plane alignment of the dipoles with formation of vortex structures, as can be appreciated in Fig. 11 . It thus might happen that the integral equation underestimates the value of the transition dipole moment. Alternatively, it could be the case that the ordering process for a low-dipole moment in a finite system is an extremely slow one that is only captured by the simulation at lower temperatures, although calculations for various systems sizes and lengths of the run do not seem to support this possibility. The situation thus remains inconclusive, though we are of the opinion that the lack of convergence in the integral equation procedure is indicating the onset of some in-plane ordering.
In summary, we have presented an integral equation formalism that is able to provide an accurate description of fluidlike dipolar monolayers for both their one-particle and two-particle structural properties and for their thermodynamics. A simple DFT treatment has been shown to be capable of providing a qualitatively correct picture of the fluid behavior. Future work on this model will focus on the study of possible in-plane transitions, incorporating exchange interactions and magnetic surface anisotropy. 
